I discuss how effective grand unified theories requiring adjoint Higgs fields for breaking to the standard model can be contained within string theory. Initial findings are presented in a search for and classification of effective three generation SO(10) SUSY-GUT models built using the free-fermionic string approach.
GUTs and Strings
Elementary particle physics has achieved phenomenal success in recent decades, resulting in the Standard Model (SM), SU(3) C ×SU(2) L ×U(1) Y , and verification to high precision of its many predictions. However, there are still several unsatisfying aspects of the theory: (1) The SM is very complicated, requiring measurement of some 19 free parameters, such as the masses of the quarks and leptons and the coupling constants. We should expect the true fundamental theory to have at most one free parameter. (2) A gauge group that is the direct product of three gauge groups with independent couplings does not seem fundamental. (3) There is a naturalness problem concerning the scale at which the electroweak (EW) symmetry, SU(2) L ×U(1) Y , breaks to the electromagnetic U(1) EM . Although this is "explained" by the scale of the Higgs mass, fine-tuning is required in renormalization theory to keep the Higgs mass on the order of the symmetry breaking scale, which suggests the need for supersymmetry at a higher scale. (4) Fine-tuning is also required to solve the strong CP problem. (5) The SM provides no unification with gravity, i.e., no means of forming a consistent theory of quantum gravity. (6) The cosmological constant resulting from EW symmetry breaking should be many orders of magnitude higher than the experimental limit, which again necessitates fine-tuning cancellation.
These shortcomings have motivated a search for phenomenologically viable Grand Unified Theories (GUTs) that would unify SM physics through a single force and/or even for a Theory of Everything (TOE) that could consistently combine the SM with gravity. In the last decade, this pursuit has resulted in an intensive study of string theory. String theory is the first theory to successfully combine the SM forces with gravity.
In one sense, string theory has been too successful following the explosion of interest in the mid-80's. The (super)string theory is inherently a (10) 26 dimensional spacetime theory. Although only a few perturbative solutions to the theories exist when all spacetime dimensions are uncompactified, for every compactified dimension there arises many more possible solutions. With only four uncompactified spacetime dimensions, there is a plethora of distinct solutions to the superstring theory. Many different approaches to "compactification," e.g., bosonic lattices and orbifolds, free fermions, Calabi-Yau manifolds, and N = 2 minimal models, have been devised. (Often there is much overlap and sometimes even complete equivalence between varying methods of compactification.) Four-dimensional solutions can be classified into two broad categories: (1) those involving an actual geometrical compactification from ten uncompactified dimensions, and (2) those with internal degrees of freedom having no equivalent representation in terms of six well-defined compactified dimensions.
There is a potential problem with solutions in the first class: such models with N = 1 spacetime supersymmetry (SUSY) and/or chiral fermions cannot contain massless space-time scalar fields in adjoint or higher dimensional representations of the gauge group. [1] [2] [3] This has presented a possible difficulty for string theory, because typical GUTs depend upon scalars in these representations to break the gauge symmetry down to the SM. In the usual approach, spontaneous symmetry breaking is brought about by vacuum expectation values (VEVs) of these scalars. Therefore, either the gauge groups of these string models must break to the standard model near the string (Planck) scale or a non-standard Higgs breaking is required. An example of the first method is symmetry breaking by Wilson lines in Calabi-Yau vacua. [4] Flipped SU (5) is the primary example of the second approach. [5] However, standard GUTs such as SU (5) or SO(10) are excluded from this class of string theory models.
In the first class of models, the absence of spacetime scalars in higher representations results from the association of geometrical compactification with level-one Kač-Moody algebras (KMAs). Because of this connection, basing a model on level-one KMAs has been the standard approach to string theory phenomenology. Starting from either the ten dimensional type-II or heterotic superstrings, four-dimensional spacetime has most often been derived through "spontaneous compactification" of the extra six dimensions. In ten uncompactified dimensions the only modular invariant heterotic string models with spacetime SUSY and gauge symmetry are the level-one E 8 ⊗ E 8 and level-one SO(32) solutions. (In ten uncompactified dimensions, the type-II string has N = 2 SUSY, but no gauge group.) Compactification of the extra six dimensions on a Calabi-Yau manifold or symmetric orbifold, naturally keeps the KMA at level-one. The resulting gauge group is a subgroup of either E 8 ⊗E 8 or SO(32) (with additional U(1) factors). Models using bosonic lattice compactification, or equivalently complex world sheet fermions, [6] [7] [8] likewise have level-one KMAs, with the associated gauge group being a subgroup of either SO(12)⊗E 8 ⊗E 8 or SO(44). Models can be based on higher-level KMAs, when the demand for a classical interpretation of compactification is relaxed. Such models fall into the second general class of string solutions and can contain scalars in adjoint or higher representations. These states can exist in the spectrum if their gauge group arises from a level-K ≥ 2 KMA on the world sheet. Model examples using are given in [1] .
When we consider the whole ocean of models containing both level-one and higher level KMAs, it is perhaps fortunate that recent LEP results tighten constraints for viable string models. Using renormalization group equations (RGEs), the measured high precision values of the standard model coupling constants have been extrapolated from M Z to near the Planck scale. It was found that the RGE for the minimal supersymmetric standard model with just two Higgs doublets predict a unification of the three coupling constants g 3 , g 2 and g 1 for SU (3) × SU (2) L × U (1) Y , respectively, at about 10 16 GeV. [9] For string theory this naively poses a problem since the string unification scale is generally required, at tree level, to be near the Planck scale (around 10 18 GeV). Three classes of solutions have been proposed for resolving the potential inconsistency between these extrapolations and string theory. [10] The first proposal is to regard the unification of the couplings at 10 16 GeV using the minimal SUSY standard model RGE as a coincidence, and to allow for additional states between the electroweak scale and the string unification scale that raise the RGE unification scale. A second suggestion is that string threshold effects could significantly lower the string scale down to the minimal SUSY standard model RGE unification scale. The third possibility is that a grand unified gauge group (such as SU (5), SO(10), or E 6 ) results from a KMA at level K ≥ 2.* Thus, the SUSY standard model couplings could unify around 10 16 GeV and run upward from there with a common value to the string unification scale.
The last proposal appears most natural and appealing. A grand unified gauge group fits well with the concept of successive levels of increasing symmetry much better than does going directly from the symmetry of the standard model to the symmetry of the string. It seems far more natural for the strong force to merge with the electroweak significantly below the string scale, rather than at the string scale where the gravitational and hidden sector gauge couplings finally merge also.
Embedding SUSY GUTs in a string model has several other advantages. First, the ratio of the SUSY GUT scale to the string scale, M GUT /M string ∼ 1/100, naturally explains the generation hierarchy when only the heaviest generation obtains mass from dimension four operators derived from the effective GUT superpotential. At the GUT scale, (4+n)-dimensional mas operators resulting from non-perturbative terms in the superpotential include ratios of VEVs proportional to (M GUT /M string ) n . Therefore, from this approach the first and second generation mass scales, in comparison to the third, can result from five-and six-dimensional operators. In recent work by Anderson et. al [11] the minimum mass texture of an SO(10) SUSY-GUT needed to reproduce SM physics at the low energy scale was determined. Only a few higher (five-and six-) dimensional operators were needed, far fewer operators than allowed simply from SUSY-SO(10) symmetry considerations. The additional symmetries needed to explain the low number of operators in such models comes naturally when the GUT is embedded in a string theory. Four-dimensional string models are famous for possessing extra U (1) factors (as the model in section 4 demonstrates), often associated with generation number, and additional (discrete) worldsheet symmetries that will significantly reduce the number of permitted terms in the effect GUT superpotential.
As noted, construction of string models with higher-level gauge groups requires asym-*From hereon, the level of an SU(N) or SO(2N) KMA is denoted by a subscript, e.g., SO(10) 2 for level-2.
metry between the left-and right-moving (LM and RM) fields on the world-sheet. [1] Associated with this property of the fields are asymmetric modular invariants. Systematically constructing asymmetric modular invariants (AMIs) has proven very difficult, except for the special case of models based on free bosons or fermions. [12] However, even for asymmetric models, use of lattice bosons (or equivalently complex fermions) limits the possibilities to level one-models. The first and simplest alternative involves using real fermions (meaning periodic or antiperiodic fermions with conformal dimensions 1 2 ) that cannot be paired with any other real fermions in the model to form a complex periodic or antiperiodic fermion of complex dimension 1.
[13] Such unpairable real fermions assume the role of increasing the central charge of a group of fermions without increasing the number of local U(1) charges on the fermions. This parallels the effect of increasing the level, K, of a KM algebra. Using free fermions is not the only well-understood method for constructing higher level string models. As demonstrated in ref. [2] increasing the level of an algebra can also be brought about through orbifolding, wherein the direct product of n factors of a gauge group G is modded by a diagonal Z Z n symmetry. In some cases there is overlap between the two methods, e.g., the SO(10) 2 ⊗U(1) KMA in the free fermionic models discussed below can equivalently be produced by orbifolding a SO(10) 1 ⊗SO(10) 1 manifold by a diagonal Z Z 2 symmetry. Actual construction of a free fermionic GUT model containing adjoint Higgs based on a SO(10) 2 KMA was presented in ref. [1] . As this research revealed, the difficulty with such models is not getting adjoint scalars, but rather is getting exactly three chiral generations of SM fermions when the model contains adjoint scalars. This is not impossible though, as I show in section 4 by counter-example. However, before demonstrating this, I review in section 2 the general constraints on consistent higher-level string models constructed using any method, along with the specific constraints arising in the free fermionic approach. Then in section 3 I review the fundamentals of free fermionic models.
Constraints on Higher-Level GUT Models
The first major constraint on string models containing a level-K KMA comes from the unitarity demand. This requires that the representations of the KMA appearing in the string model satisfy the rule that
where n i are the Dynkin labels of the highest weight representation of the associated Lie algebra, L,and m i are the related co-marks. Therefore, at level-one only the singlet, spinor, conjugate spinor and vector representations of SO(4N+2) can appear, e.g., for SO(10) 1 only 1, 10, 16, and 16 representations can appear. Likewise for SU(N) the only permitted states are the N 0 -(i.e., the singlet),
N N−1 -dimensional representations; and, similarly, for E 6 level-one there are only the 1, 27 and 27. Thus adjoint Higgs appear only when K ≥ 2. Naively, there would appear a way of escaping this. Since the KM currents transform in the adjoint representation we might use them to form spacetime scalars. Unfortunately, this is forbidden by the presence of chiral fermions and/or N = 1 spacetime SUSY. [14, 15, 1] The central charge c KM A (level − K) of an individual level-K KMA measures the KMAs contribution to the conformal anomaly of the world sheet theory. Since the gauge groups originate in the bosonic sector of the heterotic string, the total contribution to the conformal anomaly from the gauge groups cannot exceed 22,
where the sum is over the different factors in the algebra and every U(1) K contributes 1 to the sum.h i is the dual Coxeter number of the simple Lie Algebra L i embedded in the KMA. (For simply-laced groupsh equals dim L/rank L − 1, which for level-one results in a central charge equal to the rank of the group at level-one.) This constraint places upper bounds of 55, seven, and four on the permitted levels for SU(5), SO (10) , and E 6 stringbased GUTs, respectively: [2, 3] Using the free fermionic approach places a further constraint on the allowed levels. Since real, free fermions have central charge 1 2 , the central charge of the KMA must be an integer multiple of 1 2 . This restricts the allowed levels to be in the sets {1, 3, 5, 7, 10, 11, 15, 19, 25, 35, 43, 55}, {1, 2, 4, 7}, and {1, 4} for SU(5), SO(10), E 6 , respectively, unless there is a compensating contribution to the central charge from the hidden sector KMA and/or non-KMA factors.
There is one additional constraint: since the intercept for the bosonic sector of a heterotic string is one, a potentially massless state in a representation (r) of the gauge group cannot have a conformal dimension h (r) greater than one. That is,
where C (r) is the quadratic Casimir of the representation (r), and ψ 2 is the length-squared of the longest root of L. Thus, e.g., for SO(10) 2 no representation above a 54 can be massless, although representations up to 210 could appear in a unitary level-2 model. Not until level-5 can the 126 be massless, but then many unwanted exotics will be massless as well. By comparing the needed massless states to the undesirable massless states potentially present at a given level, I believe level-2 is the best choice among the four potential levels of SO(10) free fermionic models. Note that massless 126 scalars need not be present in SO(10) models for good phenomenology. The highest scalar needed is actually only the 54.
[11]
Free Fermionic Models
Free fermionic model building was developed simultaneously by Kawai, Lewellen, and Tye in [6] and by Antoniadis, Bachas, and Kounas in [7] and further advanced by these two groups in [13] and [8] . In light-cone gauge, a free fermionic heterotic string model contains 64 real worldsheet fermions ψ n (1 ≤ n ≤ 20 for LM, 21 ≤ n ≤ 64 RM) in addition to the LM and RM worldsheet scalars (X i ,Xj) embedding transverse coordinates of four-dimensional spacetime. ψ 1 and ψ 2 are the worldsheet superpartners of the two LM transverse scalars; the remaining 62 are internal degrees of freedom. A specific model is defined by (1) sets of 64-component boundary vectors describing how the fermions transform around noncontractible loops on the worldsheet, and (2) sets of coefficients weighting contributions to a partition function from fermions with specific boundary conditions. Modular invariance is a requirement for a sensible model and exists if (1) the one-loop partition function is invariant under S and T transformations of the complex worldsheet parameter τ and (2) either a specific additional two-loop constraint is satisfied [8] or, equivalently, the states surviving the one-loop GSO projection "are sensible" [6] . The one-loop worldsheet is described by a torus and, therefore, provides two non-contractible loops around which a fermion may be transported. The transformation properties for any one of the 64 real fermions ψ n after going around either non-contractible loops may be expressed as ψ n → − exp{π i α n }ψ n or ψ n → − exp{π i β n }ψ n , (3.1)
respectively, where −1 < α n , β n ≤ 1. α n and β n are the n th components of 64-dimensional vectors α and β, respectively. A real fermion ψ n may have only periodic (Ramond fermion) or antiperiodic boundary conditions (Neveu-Schwarz fermion) around each loop, i.e., α n , β n ∈ {1 (periodic) , 0 (antiperiodic)}. Alternatively, a LM (RM) ψ n may be paired with another LM (RM) real fermion ψ m to form a Weyl fermion ψ n,m ≡ ψ n + iψ m with complex boundary conditions around the loops. This is allowed when both fermions have identical periodic/antiperiodic boundary conditions everywhere; then α n = α m ≡ α n,m , β n = β m ≡ β n,m can be rational in sectors. The contribution to the one-loop partition function, Z fermion , from the 64 real fermions with their chosen sets of boundary vectors, {α} and {β}, can be expressed as a weighted summation over the individual partition functions for a specific pair of boundary vectors,
The weights C α β are complex phases if either α or β have rational, non-integer components and are real phases (±1) when both α and β are integer. One-loop modular invariance requires that {α} and {β} be identical sets and that if α i and α j are in {α} then α i + α j must be also. Thus, {α} and {β} can be defined by choice of a set of basis vectors {V i } One of the non-contractible loops (the α-loop by choice) may be regarded as spacelike, and the other loop (the β-loop) as time-like. Each α corresponds to a set of states (a sector) in the model that are excitations of the vacuum by modes of the fermions {ψ n } at frequencies proportional to α n . The boundary vectors β contribute a set of GSO projections that act on the states in each sector. Which physical states survive in a given α sector is a function of the phase coefficients {C( α β )} (or equivalently of the {C(
The gauge group in a model depend on the states in the sectors. In a giving sector α each complex Weyl fermion ψ n,m carries a U(1) charge, Q(ψ n,m ), related to its boundary condition:
N is the fermion number operator, with eigen values of {0, 1, −1} for antiperiodic fermions and {0, −1} for periodic fermions. Hence, for antiperiodic fermions Q(ψ n,m ) has possible values of {0, ±1}, and periodic has values of {± 1 2 }. Together, the charges of all states in all sectors form a lattice upon which the roots and weights of an algebra can be embedded. Ref. [1] demonstrated that SO(10) 2 can enter into a string model in this manner. In free fermionic models the length-squared of the simple roots of SO(10) is normalized to two. Increasing the level from one to K has the effect of decreasing the length-squared of the roots by a factor of 1/K. Hence, the SO(10) 2 simple roots can be represented on the charge lattice of six complex fermions as (0, 0, 0, 1, 0, 0), (
, depending, respectively, on whether the fifth component (H 5 ) of the SO(10) CSA is embedded as the sum or difference of the last two U(1) factors. Since this embedding requires six complex fermions there is an additional orthogonal U(1) (denoted U(1) X ) algebra embedding present. When H 5 is the sum (difference) of the last two factors, U(1) X is the difference (sum). From the root embedding it is quite easy to determine the transformation matrix needed to convert the dynkin weights of the other representations into charges on the lattice. Recall, however, unitarity allows massless representations only up to the 54. In the next section I discuss initial findings of my search and classification free fermionic SO(10) 2 models containing adjoint Higgs and exactly three chiral generations of 16's. I present the simplest possible of these models.
SO(10) Level-Two Models
Three generation SO(10) 2 models require at least ten basis vectors (BVs). The first nine vectors of Table 1 . form the core of these models. The set of basis vectors {V 0, V 1, . . . , V 5}, along with a slightly differing V 8 were first introduced in the SO(10) 2 model of ref. [1] .) The presence of V 0 is dictated by modular invariance and is found in all consistent free fermionic models. V 0 + V 0 ≡ 0 generates a totally antiperiodic boundary vector (all 0's) from which arise the graviton, dilaton, and antisymmetric tensor, along with the Cartan subalgebra of the gauge group. Supersymmetry requires the presence of V 1. which generates the corresponding massless gravitinos. Similarly, the sector V i + V 1 produces the superpartners of the states in any sector V i. The next three sectors are the generators of the SO(10) 2 gauge group and the states associated with all combinations of BVs in the set {0, V 2, V 3, V 4} (denoted by {gg}) form the charge lattice embedding of SO(10) 2 discussed in section 3 using the first six (12) RM complex (real) fermions. The next 16 RM fermions are the unpairable real fermions (URFs) that contribute to the central charge of SO (10) without increasing the rank of the group. The choice of periodicities for these is fixed (mod physically equivalent reorderings of the fermions). Masslessness of the gauge bosons requires that exactly eight of the URFs in each of V 2, V 3, and V 4 must be periodic, with four periodic URFs common to any two of these three BVs, and exactly two periodic fermions common to all three. Together the first five sectors produce N = 4 SUSY with the observable SO(10) 2 gauge group and a hidden S0(18) 1 group (ignoring that the URFs are not yet unpairable). Additionally there are 10's, carring U(1) X charges of ±1, originating in these gauge sectors.
Each of the next three BVs, (V 5, V 6, and V 7), combine with the eight gauge vectors in {gg}, to produce one chiral 16 generation apiece (defined as first second and third respectively). The resulting three generations carry their own local U(1) charges, compliments of complex RM fermionsψ 49,50 ,ψ 51,52 , andψ 53,54 , respectively. (Due to the symmetry between RM fermionsψ 47 andψ 49,50 and betweenψ 48 andψ 51,52 the first and second generation U(1)'s are enhanced to SU(2) 2 .)
Chirality of the generations is a result of the GSO projections from two of the generations acting on the remaining one. GSO projections from V 5 and V 6 also reduce spacetime SUSY to N = 1. At this stage, eight copies of the first and second and four copies of the third generation survive the GSO projections. The existence of generation U(1) charges reduces the hidden sector gauge group to SO(10) 1 . This demonstrates the general rule for SO(10) 2 models that the rank of the hidden sector gauge group is never more than five.
In this model the first generation basis vector is assigned boundary conditions such that unpairability of the URFs is completed. This choice leaves no physically significant degrees of freedom (DOF) in the components of V 5. On the other hand, there are several DOF in the BVs for the second and third generations: around six significant options regarding which eight URFs are to be periodic in V 6 and for each of these, three choices for V 7. (However, these DOF may prove to have no effect on the phenomenology of the model, and may simply demonstrate the high degree of symmetry in free fermionic strings.) The periodic URF choices presented below are related to the second and third generation BVs used in flipped-SU(5) models. [5] V 8 is the BV responsible for the presence of an adjoint Higgs in the model. Possible variations from V 8 as given below are minimal. Modular invariance requires that V 8 have four periodic LM fermions in common with two of the generations and none in common with the third. Choice of which two generations (the first and second) defines the LM part of the basis vector. There are only two significant choices for the V 8 periodic URFs; these distinguishing between the first and second generation. The components of the 45 Higgs are contained in the eight sectors generated by V 8 + {gg}. In this model V 8 reduces the number of first and second generation copies in V 6 and V 7 down to four also. However, unfortunately the new vectors V 8 + V 5 + {gg} and V 8 + V 6 + {gg} contribute four new copies of these generations. The V 8 GSO either projects out all or keeps all four copies of the third generation. The appropriate value of C(
) is chosen to keep them. Four copies of the Higgs 45 also survive at this stage.
These first eight sectors (with their various options) form the basis of all SO(10) three generation models. If only one more BV, such as V 9 below, is to be added, severe requirements fall upon it. Since there are four original copies of each generation and four new copies of the first and second, this BV must generate Z Z 4 GSO projections, removing all but one copy of each generation from V 5, V 6, and V 7, respectively, and all copies from (denoted simply by ± in Table 1 .). V 9 should also break the first generation SU(2) symmetry down to U(1). (V 8 breaks the second generation SU(2).) Last, V 9 cannot mix with other vectors to create simultaneous SO(10) 2 and hidden sector non-singlet states that survive GSO projections. There appear to be several choices, for V 9 (along with related C-coefficients) that reduce the copies of generations in V 5 through V 7 to one, allow one or two Higgs 45's to survive, and project out all the new generation copies created by the presence of the Higgs. The V 9 given below is from the subset of choices that maximizes the symmetry between the boundary conditions of the worldsheet fermions associated with each of the generations.
I have written a computer program to generate a search for and analysis of the set of phenomenologically unique free fermionic three generation SO(10) 2 models containing adjoint Higgs. This search is now underway and will be reported in detail in upcoming ref. [16] . The observable variations found among these models will correspond to differing numbers of massless scalar 10's, 16-16 pairs, and 54's surviving GSO projections. As I mentioned, the highest dimensional massless SO(10) representation possible in these models are 54's. Presence of a 54 necessitates a boundary vector with LM components identical to those of V 8, but with all 0's for RM components. Two copies of 54's are required for minimal SO(10) SUSY-GUTs such as those in [11] . Perhaps not coincidentally, two appears to be the maximum number of 54's that might possibly survive the complete set of GSO projections from V 0 through V 8. How many of these copies (if any) actually survive should be extremely model dependent. The difficulty of including a BV responsible for a 54 is identical to that arising from the addition of V 8: extra copies of the first and second generations will result unless correct GSO projections on this new BV are chosen. 
